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We disuss the appliation of the variational luster perturbation theory (VCPT) to the Mott-
insulatortosuperuid transition in the Bose-Hubbard model. We show how the VCPT an be
formulated in suh a way that it gives a translation invariant exitation spetrum  free of spuri-
ous gaps  despite the fat that if formally breaks translation invariane. The phase diagram and
the single-partile Green funtion in the insulating phase are obtained for one-dimensional systems.
When the hemial potential of the luster is taken as a variational parameter, the VCPT reprodues
the dimension dependene of the phase diagram even for one-site lusters. We nd a good quan-
titative agreement with the results of the density-matrix renormalization group when the number
of sites in the luster beomes of order 10. The extension of the method to the superuid phase is
disussed.
PACS numbers: 05.30.Jp, 73.43.Nq, 03.75.Lm
I. INTRODUCTION
The Bose-Hubbard model desribes interating bosons
on a lattie. It provides a generi desription of the
quantum phase transition between superuid (SF) and
Mott-insulator (MI) states observed in ondensed-matter
systems suh as Josephson juntion arrays or granular
superondutors,
1
as well as in ultraold atoms in opti-
al latties.
2,3,4,5
The remarkable degree of experimental
ontrol over all the relevant parameters (density, inter-
ation strength, lattie geometry and dimensionality) in
ultraold atoms makes possible a detailed study of the
MI-SF transition.
The Bose-Hubbard model has been studied nu-
merially using the Gutzwiller mean-eld ansatz,
6,7,8
the density-matrix renormalization group,
9,10
exat
diagonalizations,
11,12
and quantum Monte Carlo.
13,14,15
(More reent works inlude the harmoni trap poten-
tial that onnes the ultraold atomi gases; see for in-
stane Ref. 16.) Most analytial approahes rely on a
perturbation theory that assumes the kineti energy to
be small and treats exatly the on-site repulsion. The
intersite hopping is taken into aount either at the
mean-eld level or in perturbation in a strong-oupling
expansion.
1,17,18,19,20,21,22,23,24,25,26,27
In this paper, we apply the variational luster pertur-
bation theory (VCPT) to the Bose-Hubbard model at
ommensurate density. The VCPT has been developed
for strongly-orrelated fermion systems. It is an exten-
sion of luster perturbation theory (CPT) that is based
on the self-energy funtional approah (SFA). Within
the CPT,
28,29,30
the lattie is partitioned into dison-
neted idential lusters. The Hamiltonian of the lus-
ter is solved numerially, and the interluster hopping is
then treated perturbatively to leading order in a strong-
oupling expansion. Contrary to exat diagonalizations
of small systems, the CPT provides results in the thermo-
dynami limit, and the single-partile Green funtion is
dened for any wave vetor in the Brillouin zone. When
based on a single-site luster, the CPT yields the Hub-
bard I approximation;
31
applied to bosoni systems, it re-
produes the leading order of the aforementioned strong-
oupling theory.
23
The SFA is based on the variational priniple
δΩ[Σ]/δΣ = 0 for the grand potential expressed as a
funtional of the self-energyΣ.32,33,34 The stationary on-
dition is solved within a restrited spae of self-energies
taken from a referene system that an be solved nu-
merially. Within the VCPT,
34,35
the referene system
onsists of disonneted idential lusters. The VCPT
improves on the CPT sine the parameters of the intr-
aluster kineti Hamiltonian are variational. In parti-
ular, this enables to onsider broken-symmetry states.
The VCPT has been used with some suess to study
strongly orrelated eletron systems.
35,36,37,38,39
The outline of the paper is as follows. In Se. II, we
desribe the SFA and the VCPT for bosoni models in
the absene of superuidity. We modify the original for-
mulation of the SFA
32
to ensure that nal results remain
translation invariant regardless of the hoie of the ref-
erene system. We also stress the neessity to onsider
the hemial potential of the luster as a variational pa-
rameter. In Se. III, we present numerial results for the
phase diagram and the single-partile Green funtion in a
one-dimensional (1D) system. Even in the simplest ase
of a referene system onsisting of single-site lusters,
the VCPT improves drastially on the CPT. In partiu-
lar, we obtain the orret form of the Mott lobes in the
(t/U, µ/U) phase diagram (t is the hopping amplitude,
U the onsite repulsion, and µ the hemial potential).
We nd a good quantitative agreement with the results
of the density-matrix renormalization group
10
when the
number of sites in the luster beomes of order 10. The
last setion is devoted to a summary of our results and
a disussion of future developments, in partiular the ex-
tension of the VCPT to the superuid phase.
2II. VARIATIONAL CLUSTER PERTURBATION
THEORY FOR BOSONS
The Bose-Hubbard model is dened by the Hamilto-
nian
H = −
∑
r,r′
(ψ†
r
trr′ψr′ +H.c.)−µ
∑
r
nr+
U
2
∑
r
nr(nr−1),
(1)
where ψr, ψ
†
r are annihilation/reation bosoni operators
and nr = ψ
†
r
ψr. The disrete variable r labels the sites of
the lattie, whih is assumed to be bipartite with o-
ordination number z. The hopping matrix tˆ satises
trr′ = t > 0 if r and r
′
are nearest neighbors and van-
ishes otherwise; this assumption an however be easily re-
laxed and longer-range hopping onsidered. For reasons
explained below, the boson-boson interation should be
onsite. The density n, i.e. the average number of bosons
per site, is xed by the hemial potential µ. In the fol-
lowing, we shall onsider only the Mott phase and the
zero-temperature limit.
A. General formalism
In the absene of superuidity (〈ψr〉 = 0), the grand
potential (per lattie site) Ω and the single-partile Green
funtion G an be obtained from the stationary point of
the funtional
40,41,42
Ω[G] =
1
Nβ
{
Tr ln(−G−1) + Tr(G−10 G− 1) + Φ[G]
}
,
(2)
where G0 is the non-interating Green funtion and Φ[G]
the Luttinger-Ward funtional. β = 1/T is the inverse
temperature and N the number of lattie sites. Tr de-
notes a trae over spae and time indies. The stationary
ondition δΩ[G]/δG = 0 yields the Dyson equation
G−1 = G−10 − Σ, (3)
where the self-energy Σ is dened by
Σij = −δΦ[G]
δGji
. (4)
i and j are olletive indies that label position and time.
The SFA is based on the funtional
32
Ω[Σ] =
1
Nβ
{
Tr ln(−G−10 +Σ) + F [Σ]
}
, (5)
where
F [Σ] = Φ[G] + Tr(ΣG) (6)
is the Legendre transform of Φ[G]. In Eq. (6), G should
be onsidered as a funtional G[Σ] of the self-energy ob-
tained by inverting (4). F satises
δF [Σ]
δΣij
= Gji, (7)
and the stationary ondition δΩ[Σ]/δΣ = 0 reprodues
the Dyson equation (3).
So far, we have followed the approah of Ref. 32 with
minor modiations due to the fat that we onsider
bosons instead of fermions. We now introdue a rene-
ment of the approah, the motivation of whih will be
disussed below. In a translation invariant system, the
atual self-energy is diagonal in k spae: Σ(k,k′, z) =
δk,k′Σ(k,k, z) (z is a omplex frequeny). Without
hanging its value at the stationary point, we an there-
fore modify the funtional (5) into
Ω[Σ] =
1
Nβ
{
Tr ln(−G−10 + Σ˜) + F [Σ]
}
, (8)
where
Σ˜(k,k′, z) = δk,k′Σ(k,k, z) (9)
is the diagonal part of the self-energy. One easily veries
that the stationary ondition δΩ[Σ]/δΣ = 0 yields the
Dyson equation
G−1(k, z) = G−10 (k, z)− Σ˜(k, z), (10)
where G−10 (k, iωn) = iωn + µ − ǫk. ǫk is the Fourier
transform of −tr,r′ and gives the lattie dispersion of the
bosons. In Eq. (10), Σ˜(k, z) denotes Σ˜(k,k, z), et. Thus
the two funtionals (5) and (8) ontain the same infor-
mation in the ase of translation invariant systems.
Let us now onsider the two Hamiltonians
32
H(x) = H0(x) +HU ,
H(x′) = H0(x
′) +HU . (11)
H(x) is the Hamiltonian of the Bose-Hubbard model
[Eq. (1)℄, and H(x′) that of a referene system. Both
Hamiltonians are dened on the same lattie and share
the same interation Hamiltonian HU . The kineti parts
H0(x) and H0(x
′) inlude a hemial potential term. x
stands for the parameters on whih H0 depends: the
intersite hopping matrix tˆ and the hemial potential
µ. The Hamiltonian H(x) is translation invariant, but
that of the referene system, H(x′), may not be. The
Luttinger-Ward funtional Φ[G] is given by the sum
of the two-partile irreduible (skeleton) diagrams
41,42
and is independent of G0. It follows that H(x) and
H(x′) share the same Luttinger-Ward funtional Φ[G]
and therefore the same funtional F [Σ]32. This leads us
to onsider the funtionals
Ωx[Σ] =
1
Nβ
{
Tr ln(−G−10 + Σ˜) + F [Σ]
}
,
Ωx′ [Σ] =
1
Nβ
{
Tr ln(−G′0−1 +Σ) + F [Σ]
}
, (12)
where G0 ≡ G0(x) and G′0 ≡ G0(x′) are the Green fun-
tions orresponding to H0(x) and H0(x
′), respetively.
Note that we have taken advantage of the translation
3invariane of H(x) in writing Ωx[Σ]. The unknown fun-
tional F [Σ] an now be eliminated by taking the dier-
ene of the two preeeding equations,
Ωx[Σ] = Ωx′ [Σ] +
1
Nβ
{
Tr ln(−G−10 + Σ˜)
− Tr ln(−G′0−1 +Σ)
}
. (13)
The form (13) of the self-energy funtional Ωx[Σ] is
exat. To make the determination of the stationary
points of Ωx[Σ] possible, one has to restrit the spae
of self-energies. A natural approximation is to evalu-
ate Ωx[Σ] for the (physial) self-energies Σ(x
′) obtained
from the referene system  assuming that the refer-
ene Hamiltonian an be solved exatly.
32
The funtional
Ωx[Σ(x
′)] ≡ Ωx(x′) beomes a funtion of x′,
Ωx(x
′) = Ω′ +
1
Nβ
{
Tr ln[−G−10 + Σ˜(x′)]
− Tr ln[−G′0−1 +Σ(x′)]
}
(14)
where Ω′ = Ωx′ [Σ(x
′)] is the exat grand potential of the
referene system. The stationary ondition beomes
∂Ωx(x
′)
∂x′
= 0. (15)
Note that the stationary point does not have to be a min-
imum. We shall see that it is atually never a minimum
when the hemial potential of the referene system is
taken as a variational parameter. This onlusion also
holds in fermion systems.
38
B. Referene system
In the VCPT one onsiders a referene system onsist-
ing of a superlattie of Nc = N/L idential lusters with
no interluster kineti oupling (L is the number of sites
in a luster). The determination of Ω′ and the self-energy
Σ(x′) then requires to solve a nite size system Hamilto-
nian provided that the interation is loal. For moderate
values of L, this an be done numerially. Eq. (14) an
be rewritten as
Ωx(x
′) = Ω′ − 1
Nβ
∑
k,ωn
ln[−G(k, iωn)]eiωnη
+
1
Nβ
∑
ωn
tr ln[−G′(iωn)]eiωnη (16)
(ωn is a bosoni Matsubara frequeny), where G
−1 =
G−10 − Σ˜ and G′−1 = G′0−1−Σ (from now on, we do not
write expliitely the x′ dependene of Σ(x′)). tr denotes
the trae over spae indies. tr ln(−G′) an be evaluated
by onsidering a single luster and multiplying the result
by Nc = N/L to take into aount the total number of
lusters. When the hemial potentials µ and µ′ dier,
the usual fator eiωnη (η → 0+) is neessary for the sum
over ωn to onverge.
Let us now disuss the motivation for using the fun-
tional (8) rather than (5). The referene system has
the periodiity of the luster superlattie, but not that
of the translation invariant system of interest. Exept
for single-site lusters, the self-energy Σ is not diagonal
in k spae. By making use of the funtional (8), we
ensure the translation invariane of the Green funtion
dened by Eq. (10). In appliations of the VCPT to
fermioni systems, the translation invariant Green fun-
tion of the system was approximated by the diagonal part
of G = (G−10 − Σ)−1. However, beause Σ itself is not
translation invariant, the resulting exitation spetrum
exhibits spurious gaps that reet the periodiity of the
referene system. To some extent, this diulty an be
eliminated by introduing an artiial broadening of the
energy states; tehnially this is ahieved by hoosing a
suiently large value of η. In bosoni systems, even
when one allows for an energy broadening, these gaps
are so pronouned that the exitation spetrum does not
bear muh physial meaning.
The translation invariant self-energy Σ˜(k, z) turns out
to be simply related to the luster self-energy when pe-
riodi boundary onditions  as allowed in the VCPT,
sine this simply assumes a partiular hoie of the (in
priniple variational) intersite hopping matrix tˆ′  are
hosen for the luster. Let us write the self-energy of the
referene system as
Σ(R+ ra,R
′ + rb, z) = δR,R′Σab(z), (17)
where Σab(z) is the luster self-energy obtained by solv-
ing numerially the Hamiltonian H(x′). We use the no-
tation R + ra for a site of a lattie, R for a site of the
superlattie, and ra (a ∈ [1, L]) for the position within
the luster. The translation invariant self-energy then
reads
Σ˜(k, z) =
1
L
L∑
a,b=1
e−ik·(ra−rb)Σab(z). (18)
With periodi boundary onditions for the luster, we
an dene the Fourier transform of Σab(z) for any vetor
k of the reiproal superlattie. In that ase, Σ˜(k, z)
dened by Eq. (18) is nothing but the interpolation of
the translation invariant luster self-energy to all vetors
k of the Brillouin zone.
C. Numerial implementation
To numerially evaluate the sum over Matsubara fre-
quenies in Eq. (16), one has to get rid of the onver-
gene fator eiωnη. To this end, one subtrats and adds
4the term
1
βN
∑
K,ωn
trc ln
[
1− ∆h0(K)
iωn − y
]
eiωnη
=
1
βN
∑
K,α
ln
[
1− e−β(y+λα(K))
]
− 1
β
ln
(
1− e−βy) ,
(19)
where trc denotes the trae over intraluster spae in-
dies. ∆h0 = h0−h′0 is dened from the Green funtions
G−10 (iωn) = iωn−h0 and G′0−1(iωn) = iωn−h′0. ∆h0(K)
is the Fourier transform of ∆h0 with respet to the su-
perlattie of lusters,
∆h0(K)ab =
∑
R
e−iK·(R−R
′)∆h0(R+ra,R
′+rb). (20)
∆h0(r, r
′) denotes the matrix elements of ∆h0 in real
spae, and K is a vetor of the redued Brillouin zone
orresponding to the superlattie. λα(K) (α ∈ [1, L])
are the eigenvalues of ∆h0(K), and the real number y
should satisfy y > maxα,K |λα(K)|. Eq. (19) is derived
in Appendix A. Combining (16) and (19), we nally
obtain
Ωx(x
′) = Ω′ − 1
Nβ
∑
ωn
{∑
k
ln[−G(k, iωn)]
− tr ln[−G′(iωn)] +
∑
K
trc ln
[
1− ∆h0(K)
iωn − y
]}
+
1
βN
∑
K,α
ln
[
1− e−β(y+λα(K))
]
− 1
β
ln
(
1− e−βy) .
(21)
The term inside the urly brakets behaves as 1/ω2n when
|ωn| → ∞, so that the onvergene fator eiωnη is not
neessary anymore. Eq. (21) is the starting point of the
numerial alulations disussed in Se. III.
D. µ′ as a variational parameter
In this setion, we disuss the role of the hemial po-
tential µ′ of the luster as a variational parameter. The
boson density is obtained from
n = −∂Ωx(x
′)
∂µ
, (22)
where the value of x′ = x′(x) is determined from the
stationary ondition (15). Combining Eqs. (22) and (15),
we obtain
n = −∂Ωx(x
′)
∂µ
∣∣∣∣
x′
− ∂Ωx(x
′)
∂x′
∣∣∣∣
x
∂x′
∂µ
= −∂Ωx(x
′)
∂µ
∣∣∣∣
x′
. (23)
From Eq. (16), we then dedue
n = − ∂
∂µ
1
Nβ
∑
k,ωn
ln[−G−1(k, iωn)]eiωnη
∣∣∣
x′
= − 1
Nβ
Tr(G). (24)
Here we have used the fat that the only dependene on
µ (at xed x′) omes from G0(k, iωn). Thus the station-
ary ondition (15) ensures that the approah is thermo-
dynamially onsistent: the boson density an be alu-
lated either from the grand potential or the single-partile
Green funtion.
The stationary ondition also ensures that the boson
density n of the system is the same as that of the referene
system (nc). To see this, we make use of the following
result derived in Appendix B:∑
k,ωn
ln[−G(k, iωn)]eiωnη =
−
∑
k,γ
ln
∣∣∣1− e−βEγ(k)∣∣∣+∑
k,γ
ln
∣∣∣1− e−βZγ(k)∣∣∣ ,
∑
ωn
tr ln[−G′(iωn)]eiωnη =
−
∑
α,γ
ln
∣∣∣1− e−βE′αγ ∣∣∣+∑
α,γ
ln
∣∣∣1− e−βZ′αγ ∣∣∣ , (25)
where Eγ(k) and Zγ(k) [E
′
αγ and Z
′
αγ ℄ denote the poles
and the zeros of the Green funtion G(z) [G′(z)℄. By
virtue of the denition of the self-energy, Zγ(k) and Z
′
αγ
orrespond to the poles of the Σ˜(z) and Σ(z), respe-
tively. We show in Appendix C that Σ˜(z) and Σ(z)
share the same poles, i.e. {Zγ(k)} = {Z ′αγ}. From
Eqs. (16,25), we then dedue
Ωx(x
′) = Ω′ − 1
N
∑
k,γ
Eγ(k)θ[−Eγ(k)]
+
1
N
∑
α,γ
E′αγθ[−E′αγ ] (26)
(θ is the Heaviside step funtion) in the zero temperature
limit. Note that the energies E′αγ are Nc times degener-
ate, sine G′ is the Green funtion of the whole referene
system (Nc lusters). Eq. (26) gives the boson density
n =
1
N
∑
k,γ
∂Eγ(k)
∂µ
∣∣∣∣
x′
θ[−Eγ(k)]. (27)
To relate n to the boson density nc = −∂Ω′/∂µ′ in
the referene system, we use the stationary ondition
∂Ωx(x
′)/∂µ′ = 0,
nc = − 1
N
∑
k,γ
∂Eγ(k)
∂µ′
∣∣∣∣
x
θ[−Eγ(k)]
+
1
N
∑
α,γ
∂E′αγ
∂µ′
∣∣∣∣
x
θ[−E′αγ ]. (28)
5This equation an be simplied by noting that the hem-
ial potential µ′ is a mere shift of the exitation energies
E′αγ , so that E
′
αγ + µ
′
is independent of µ′,
∂E′αγ
∂µ′
∣∣∣∣
x
= −1. (29)
Consider now the relation (10) between G(z), G0(z) and
Σ˜(z). In this equation, Σ˜(z) is a funtion of z+µ′, while
G0(z) and G(z) are funtions of z + µ. It follows that
Eγ(k) + µ is a funtion of µ− µ′, whih gives
∂Eγ(k)
∂µ
∣∣∣∣
x′
+ 1 = −∂Eγ(k)
∂µ′
∣∣∣∣
x
. (30)
From Eqs. (27-30), we dedue
n = nc +
1
N
∑
α,γ
θ[−E′αγ ]−
1
N
∑
k,γ
θ[−Eγ(k)]. (31)
In the Mott phase, the oupling between lusters will
transform the disrete exitation energies E′αγ into en-
ergy bands Eγ(k). Sine the gap in the exitation spe-
trum remains nonzero, the number of negative energies
annot hange, so that n = nc.
Clearly, and this is onrmed by our numerial alu-
lations, the important point here is to take the hemial
potential µ′ of the luster as a variational parameter.
Other parameters, suh as the intersite hopping matrix
tˆ′, do not have to be onsidered as variational in order
to obtain a onsistent result for the boson density. This
point has also been stressed in Ref. 38.
III. NUMERICAL RESULTS IN ONE
DIMENSION
In this setion, we present numerial results for 1D
systems.
The simplest referene system onsists of single-site
lusters (L = 1). The only variational parameter is
then the hemial potential x′ = µ′. A single-site lus-
ter an be solved analytially exatly. The state with
p ≥ 0 partiles is an eigenstate with the energy ǫp =
−µ′p+(U/2)p(p− 1). This yields the partition funtion
e−βΩ
′
=
∞∑
p=0
e−βǫp → e−βǫnc (T → 0). (32)
The number of bosons nc in the ground state is obtained
from ǫnc = minp ǫp. This ondition leads to nc − 1 ≤
µ′/U ≤ nc if µ′ > −U , and nc = 0 if µ′ < 0. In the
following, we onsider only the MI with one boson per
site, n = nc = 1, whih requires 0 < µ
′ < U . The zero-
temperature Green funtion is loal in spae and reads
23
G′(iωn) =
−1
iωn + µ′
+
2
iωn + µ′ − U . (33)
0.05 0.15 0.25
-0.08
-0.06
-0.04
∆µ′
Ω
x
(µ
′
)
+
µ
FIG. 1: Grand potential Ωx(µ
′) vs. ∆µ′ = µ′ − µ in 1D for
t = 0.1 (single-site lusters). In all gures U = 1.
The self-energy Σ(iωn) = iωn+µ
′−G′−1(iωn) is loal
in real spae and diagonal in reiproal spae: Σ˜ = Σ.
From Eq. (10) and G−10 (k, iωn) = iωn+µ− ǫk, we obtain
G(k, iωn) =
G′(iωn)
1− (∆µ′ + ǫk)G′(iωn)
=
1− zk
iωn − E−k
+
zk
iωn − E+k
, (34)
where
E±k = −µ+
1
2
(−∆µ′ + ǫk + U)
± 1
2
[
U2 + 6U(∆µ′ + ǫk) + (∆µ
′ + ǫk)
2
]1/2
(35)
and ∆µ′ = µ′ − µ. Given that −µ′, E−k < 0 and U −
µ′, E+k > 0 (see below), Eq. (26) gives
Ωx(µ
′) = −2µ′ − 1
N
∑
k
E−k . (36)
For ∆µ′ = 0, we reover the single-site CPT results
obtained earlier.
19,22,23
A nite ∆µ′ does not hange the
struture of the Green funtion G(k, iωn). The exitation
spetrum reveals the generi harateristis of the MI-SF
transition.
1
There are two exitation branhes, E+k > 0
and E−k < 0, whih oinide with the luster exitation
energies −µ′ and U − µ′ in the limit t → 0. The dis-
persion of E±k inreases with t, whih leads to a derease
of the Mott gap E+k=0 − E−k=0. (See, for instane, the
gures in Ref. 23 for the ase ∆µ′ = 0.) By varying the
hemial potential µ (with t and U xed), one indues
a transition from the ommensurate inompressible MI
to the inommensurate ompressible SF when E+k=0 or
E−k=0 vanishes. This transition is density driven and its
ritial behavior mean-eld like. At the tip of the Mott
lobe shown in Fig. 2, E+k=0 and E
−
k=0 vanish simultane-
ously, i.e. the Mott gap loses. This transition ours at
xed density; it is driven by phase utuations and is in
the universality lass of the (d+1) XY model (with d the
spae dimension).
1
60 0.2 0.4 0.6 0.8 1
-1.5
-1
-0.5
0
0.5
1
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µ
MI
FIG. 2: Phase diagram in 1D obtained from a single-site lus-
ter. The solid lines show the boundaries between the n = 1
Mott insulator (MI) and the surrounding superuid phase.
The dashed line is the CPT result. The dotted lines show the
values of µ′ at the Mott-insulatortosuperuid transition.
Within the VCPT, one has to determine ∆µ′ from the
stationary ondition ∂Ωx(µ
′)/∂µ′ = 0,
1
N
∑
k
3U +∆µ′ + ǫk
[U2 + 6U(∆µ′ + ǫk) + (∆µ′ + ǫk)2]
1/2
= 3. (37)
Using Eq. (37), one an verify that the boson density
n = −∂Ω/∂µ obtained from Eq. (36) equals that of
the luster, n = nc = 1, in agreement with the gen-
eral proof given in Se. II D. In order for the square
root in Eqs. (35,37) to be dened, ∆µ′ should satisfy
∆µ′ ≤ D− (3+2√2)U or ∆µ′ ≥ D− (3− 2√2)U , where
D = −ǫk=0 = zt. (Note that the Mott gap vanishes when
∆µ′ = D − (3 ± 2√2)U .) The grand potential Ωx(µ′) is
shown in Fig. 1 for t/U = 0.1. We see that the stationary
point of Ωx(µ
′) is a maximum with respet to variations
of µ′. This turns out to be always true regardless of the
spae dimension or the number of sites in the luster.
Sine we expet Ωx(x
′) to be a minimum with respet
to other variational parameters  for instane the intra-
luster hopping amplitude t′  the stationary point of the
grand potential Ωx(x
′) will be in general a saddle point
for larger lusters (L ≥ 2).
One ∆µ′ is known, the values of the hemial poten-
tial µ for whih the Mott state beomes unstable are
obtained from E+k=0 = 0 and E
−
k=0 = 0. The low-
est value of ∆µ′ shown in Fig. 1 orresponds to ∆µ′ =
D−(3−2√2)U . As t/U inreases, this value moves loser
to the stationary point, and oinides with it when the
Mott gap loses. This signals a transition to the super-
uid state with a density n = 1. For larger values of t,
the ground state is superuid for any value of µ (provided
the boson density remains nite).
The phase diagram of the 1D Bose-Hubbard model in
Fig. 2 shows that the results obtained from the CPT and
the VCPT dier drastially even for single-site lusters.
Whereas the CPT gives the round-shape Mott lobe har-
ateristi of mean-eld theories  and independent of the
dimension but for a trivial dependene on the number
z of nearest neighbors , the VCPT qualitatively repro-
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.05  0.1  0.15  0.2  0.25  0.3
DMRG
L=1
L=2
L=4
L=8
t
µ
FIG. 3: (olor online) Phase diagram in 1D obtained from a
L-site luster. The (red) squares show the results from the
density-matrix renormalization group.
10
dues the shape of the Mott lobe in 1D.
9,10,26
In parti-
ular, it yields a reentrant behavior of the MI state as t
is inreased with µ ∼ 0.05U xed, and a very pointed
shape around the lobe tip. For suiently large values
of t, µ′ omes near U/2, while the derease of µ appears
to be tied to the bottom of the free boson dispersion ǫk,
i.e. µ ∼ −2t + const. The gap loses very slowly as t
inreases, and the MI disappears for t/U ∼ 2 (not shown
in Fig. 2).
Note that the pointed shape of the Mott lobe in 1D is
usually attributed to the slow derease of the Mott gap,
E+k=0 − E−k=0 ∼ exp
(
− const√
tc − t
)
, (38)
near the Berezinskii-Kosterlitz-Thouless (BKT) transi-
tion taking plae at the lobe tip (t = tc).
10,26
The fat
that the single-site VCPT reprodues the orret over-
all shape of the Mott tip, while the physis of the BKT
transition is learly out of reah of this method, is quite
remarkable.
For larger lusters (L ≥ 2), the ground state and the
grand potential Ω′, as well as the single-partile Green
funtion G′, an be obtained numerially using the Lan-
zos method.
30
The intraluster hopping amplitude t′ = t
is held xed, and only the hemial potential µ′ is taken
as a variational parameter. As in the ase L = 1, the
stationary point ∂Ωx(µ
′)/∂µ′ = 0 is a maximum. For a
given µ, not all values of µ′ are physially aeptable. On
the one hand, µ′ has to be suh that nc = 1 (we restrit
ourselves to the n = 1 MI). On the other hand, we have
to ensure that the ground state is stable. For L = 1, we
saw that for ertain values of µ′, the single-partile exi-
tation energies are omplex. This instability also shows
up as a disagreement between the boson density n ob-
tained from the trae of G [Eq. (24)℄ and nc. We use this
latter riterion to verify the stability of the ground state,
sine it does not require to obtain the exitation energies
while minimizing the grand potential with respet to µ′.
The phase diagram of the 1D Bose-Hubbard model is
shown in Fig. 3 together with the results obtained from
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FIG. 4: (olor online) Spetral funtion A(k, ω) =
−pi−1ImG(k, ω+iη) obtained from 4-site lusters: t/U = 0.05,
0.1, 0.2 and 0.3 (from top to bottom).
the density-matrix renormalization group (DMRG).
10
Single-site lusters give a good approximation to the up-
per boundary of the n = 1 MI. By ontrast, the lower
boundary obtained within the VCPT strongly depends
on the number of sites in the luster. For L & 8, the
VCPT reprodues fairly aurately the results obtained
from the DMRG.
We show in Fig. 4 the spetral funtion A(k, ω) =
−π−1ImG(k, ω + iη) (ω real). The spetrum onsists of
two well dened dispersion branhes separated by the
Mott gap. We see learly how the Mott gap loses as we
move loser to the Mott lobe tip. Note that besides the
two main exitation energies, the spetral funtion ex-
hibits additional (weaker) strutures at positive energies
0
0 ω
ρ
(ω
)
−
ρ
(ω
)
FIG. 5: (olor online) Comparison between the single-partile
density of states (ω > 0) obtained from the translation invari-
ant self-energy Σ˜(k, z) (upper (green) urve ρ(ω)) with that
obtained from the self-energy Σ(k, k′, z) (lower (red) urve
−ρ(ω)). The plots are obtained from 4-site lusters.
when the Mott gap is small (see the two bottom graphs
in Fig. 4); we do not know whether these have a true
physial meaning or are due to the nite auray of our
numerial alulations.
As disussed in Se. II, by making use of the transla-
tion invariant self-energy Σ˜, we obtain a boson dispersion
free of spurious gaps oming from the periodiity of the
referene system (Fig. 4). This is illustrated in Fig. 5,
where we ompare the single-partile density of states
ρ(ω) =
∫
dk
2πA(k, ω) with that obtained from the non-
translation-invariant self-energy Σ(k, k′, z). In the latter
ase, two gaps arising from the periodiity of the 4-site
lusters are learly visible.
IV. CONCLUSION
The VCPT,
32,33,34,35
whih was previously applied to
strongly-orrelated fermion systems,
35,36,37,38,39
an be
extended to boson systems. We propose a modiation
of the original formulation whih ensures that the -
nal results are translation invariant despite the fat that
the referene system breaks translation invariane. This
translation invariant VCPT is not restrited to boson sys-
tems but should also apply to fermion systems.
The results obtained for the 1D Bose-Hubbard model
indiate that the VCPT is an eient method for study-
ing the Mott-insulatortosuperuid transition in boson
systems. We stress the importane of taking the hemi-
al potential µ′ of the luster as a variational parameter.
This ensures that the approah is thermodynamially
onsistent (n = −∂Ω/∂µ = −Tr(G)/(Nβ)), and that the
boson density n is the same in the system and the refer-
ene system. The grand potential is found to be a maxi-
mum with respet to variation of µ′, whih implies that in
general it will orrespond to a saddle point when several
variational parameters are onsidered. Even for one-site
lusters, the VCPT and CPT  where µ′ = µ is not a
8variational parameter  dier drastially. Whereas the
CPT gives the usual dimension-independent mean-eld
results, the VCPT reprodues the harateristi pointed
shape and reentrant behavior of the Mott lobe in 1D.
The extension of our results to higher dimension does
not raise any diulty and will be disussed elsewhere.
More subtle is the appliation of the VCPT to the su-
peruid phase. In order to desribe a broken gauge-
symmetry phase (〈ψr〉 6= 0), one should add to the ref-
erene system Hamiltonian a eld h′
r
that ouples to the
boson operator ψr. The set x
′
of variational parameters
will therefore at least inlude the hemial potential µ′
and the eld h′. A nite value of h′ at the stationary
point implies a nonzero ondensate 〈ψr〉 and superuid-
ity. Whether or not the VCPT will satisfy the Hugenholz-
Pines theorem and thus orretly desribe the gapless Bo-
goliubov sound mode should determine the appliability
of the VCPT to the superuid phase.
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APPENDIX A: DERIVATION OF EQ. (19)
Let us onsider the integral
I =
∮
dz
2iπ
nB(z)trc ln
(
1− ∆h0(K)
z − y
)
ezη
=
∮
dz
2iπ
nB(z)
L∑
α=1
ln
(
1− λα(K)
z − y
)
ezη, (A1)
where λα(K) (α ∈ [1, L]) are the eigenvalues of ∆h0(K).
nB(z) = (e
βz − 1)−1 is the Bose-Einstein distribution
funtion. If we hoose y > maxα,K |λα(K)|, the branh
ut of the logarithm in Eq. (A1) does not extend to the
origin z = 0, and we an evaluate I using the ontour
shown in Fig. 6 where 0 < Λ ≤ y − maxα,K |λα(K)|.
From the residue theorem, we then obtain
I =
1
β
∑
α,ωn
ln
(
1− λα(K)
iωn − y
)
eiωnη
=
∫ ∞
Λ
dǫ
2iπ
nB(ǫ)
L∑
α=1
[
ln
(
1− λα(K)
ǫ+ iη − y
)
− c.c.
]
.
(A2)
The fator nB(z)e
zη
ensures that the part of the on-
tour at innity does not ontribute to the integral. An
FIG. 6: Integration ontour used in Eq. (A1). The blak dots
denote the bosoni Matsubara frequenies iωn.
integration by part gives
I = −
∫ ∞
Λ
dǫ
2iπ
1
β
ln
(
1− e−βǫ)
×
L∑
α=1
∂
∂ǫ
[
ln
(
1− λα(K)
ǫ+ iη − y
)
− c.c.
]
=
1
β
L∑
α=1
ln
(
1− e−β(y+λα(K))
)
− L
β
ln
(
1− e−βy) .
(A3)
Eq. (19) follows from (A2) and (A3).
APPENDIX B: DERIVATION OF EQS. (25)
Let us onsider the integral
I =
∮
dz
2iπ
nB(z)tr ln[−G′(z)]ezη
=
∮
dz
2iπ
nB(z)
L∑
α=1
ln[−G′α(z)]ezη, (B1)
where G′α(z) (α ∈ [1, L]) are the eigenvalues of G′(z).
The (exat) bosoni Green funtion an be written as a
sum of simple poles,
G′α(z) =
∑
γ
rαγ
z − E′αγ
, (B2)
where sgn(rαγ) = sgn(E
′
αγ). The exitation energies E
′
αγ
are nonzero in the Mott phase. As a result
−G′α(z = 0) =
∑
γ
rαγ
E′αγ
> 0 (B3)
and the branh ut of the logarithm in Eq. (B1) does not
extend to the origin. We an therefore evaluate I using
9FIG. 7: Integration ontour used in Eq. (B1).
the ontour shown in Fig. 7,
I =
1
β
∑
α,ωn
ln[−G′α(iωn)]eiωnη
=
(∫ ∞
Λ
+
∫ −Λ
−∞
)
dǫ
2iπ
nB(ǫ)
×
∑
α
{ln[−G′α(ǫ+ iη)]− c.c.}
= −
(∫ ∞
Λ
+
∫ −Λ
−∞
)
dǫ
2iπ
1
β
ln
∣∣1− e−βǫ∣∣
×
∑
α
[G′α
−1(ǫ+ iη)∂ǫG
′
α(ǫ+ iη)− c.c.], (B4)
where 0 < Λ < minα,γ(|E′αγ |, |Z ′αγ |), with Z ′αγ the zeros
of G′(z). The last line in (B4) is obtained by integrat-
ing by part. The fator inside the last brakets vanishes
unless ǫ is near a pole or a zero of G′α(ǫ). Near a pole,
G′α(ǫ) ≃ rαγ/(ǫ + iη − E′αγ), and [· · · ] = 2iπδ(ǫ − E′αγ).
The zeros of G′α(z) are given by the poles of the self-
energy Σ(z), whih shares the same analytial properties
as G′(z) and an therefore be written as a sum of simple
poles as in Eq. (B2) (see Appendix C for a more detailed
disussion). It follows that G′α(z) has only simple zeros
Z ′αγ and an be approximated by G
′
α(z) ≃ sαγ(z − Z ′αγ)
near z = Z ′αγ . The fator inside the brakets in Eq. (B4)
then gives −2iπδ(ǫ− Z ′αγ). We dedue
I = − 1
β
∑
α,γ
ln
∣∣∣1− e−βE′αγ ∣∣∣+ 1
β
∑
α,γ
ln
∣∣∣1− e−βZ′αγ ∣∣∣ .
(B5)
The seond of Eqs. (25) follows from (B4) and (B5).
The rst one an be derived similarly. Analog results
for fermioni systems an be found in Ref. 33.
APPENDIX C: CLUSTER SELF-ENERGY Σ(z)
In this appendix, we disuss two important properties
of the luster self-energy Σ(z).
1. lim|z|→∞Σ(z)
The luster self-energy Σ(z) tends to a onstant value
equal the Hartree-Fok value 2Un when |z| → ∞. A
similar result holds for the fermioni Hubbard model: see
for instane Appendix A in Ref. 43; the derivation given
in this paper an be straightforwardly extended to the
Bose-Hubbard model.
2. Poles of Σ(z) and Σ˜(z)
The (matrix) self-energy Σ(z) shares the same analyt-
ial properties as the Green funtion G′(z). Its Lehmann
representation
Σ(z) = Σ(∞) +
∑
α,γ
|α, γ〉 qαγ
z − Zαγ 〈α, γ| (C1)
(we use a bra-ket notation) leads to
Σ˜(k, z) = 〈k|Σ(z)|k〉
= Σ(∞) +
∑
α,γ
|〈k|α, γ〉|2 qαγ
z − Zαγ , (C2)
where Σ(∞) = 2Un. Sine both {|k〉} and {|α, γ〉} span
the whole Hilbert spae, 〈k|α, γ〉 annot vanish for all k.
This implies that all poles Zαγ of Σ(z) also show up as
poles of Σ˜(z).
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